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a b s t r a c t
Generalization to the previous oscillators is done by introducing the nonlinear elastic and
damping forces. The mathematical model of the system is a second order differential
equation with nonlinear elastic and damping terms whose order is integer and/or
noninteger. Cveticanin’s solving procedure is extended for solving such a strong nonlinear
differential equation. The approximate solution obtained is a function of initial amplitude
and initial phase. A damping coefficient and order of damping interaction with an elastic
coefficient and order of elasticity for the generalized oscillators are also determined. Special
attention is paid to obtain the relation between initial amplitude and phase, on the one
hand, and initial displacement and velocity on the other hand. Correction to the frequency
of vibration for the linear oscillators with nonlinear damping and for the pure nonlinear
oscillators with linear damping is obtained and analyzed. Analytical results given in this
paper are compared with numerically obtained ones and show a good agreement.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Since 1918, when Duffing published his results on oscillators with cubic nonlinearity [1], a significant number of
investigation in the free vibrations of the one-degree-of-freedom strong nonlinear undamped [2–14] and damped [15–19]
oscillators is done. Usually, it is assumed that the motion is caused by an initial displacement x0 and the initial velocity is
zero (x˙0 = 0).
The most often considered undamped strong nonlinear oscillators are of cubic and quadratic types, but recently also of
certain noninteger order [20–29]. Nowadays, instead of third order, any of the order of nonlinearity, integer or noninteger, in
the oscillators is considered [30–33]. For the initial conditions, x0 = A, x˙0 = 0, the exact value of the period of vibration for
the pure nonlinear oscillators (only one nonlinear displacement term exists) of any order (integer or noninteger) is obtained
(see [30,31]). It is concluded that the frequency of vibration is the function of A(i−1)/2 where A is the amplitude of vibration
and i > 0 is a positive integer or noninteger order of nonlinearity. In the literature, the influence of the initial velocity on
the free vibration of the pure undamped nonlinear oscillators is not considered, yet.
In the papers [3,4,15,16,21], for example, oscillators with nonlinear elastic force and a small linear damping are
considered. Various analytical solving methods for strong nonlinear differential equations with small damping terms are
developed. The influence of the damping coefficient on the amplitude of vibration is analyzed. Very often the influence on
the frequency of vibration is omitted.
In the papers [2,6,7,17], oscillators with linear elastic force and nonlinear damping are considered. Special attention is
dedicated to quadratic damping (see for example [3,5,18]). Qualitative and quantitative analyses of the problem are done.
For all of the cases, it is assumed that the motion is caused by initial displacement and the initial velocity is zero.
The aim of the paper is to generalize the previously obtained conclusions by investigating a more complex oscillator, the
so-called ‘generalized’ oscillator: model is with nonlinear damping and nonlinear elastic forces of any order (integer and/or
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noninteger). The mathematical model of the oscillator is
x¨+ 2
−
k
bkx˙ |x˙|k−1 +
−
i
c2i x |x|i−1 = 0, (1)
where i > 0 and k > 0 are positive integers or nonintegers, c2i is the constant coefficient of elasticity and bk is the coefficient
of damping. Besides, the generalization in the initial conditions is also done. The arbitrary initial conditions are introduced:
the initial displacement x0 ≠ 0 and the initial velocity x˙0 ≠ 0, i.e.
x(0) = x0, x˙(0) = x˙0. (2)
Model (1) with (2) represents, in general, the free vibration of a viscoelastic body.
In the paper the following problems have to be solved:
– how the arbitrary initial conditions (initial velocity and initial displacement) affect the parameters of vibration
– to determine how the amplitude, frequency and phase of vibration depend on the coefficients of nonlinear damping and
displacement, on the orders of nonlinearities and initial conditions
– to specify the problem of pure nonlinear oscillators with linear or nonlinear damping,
– to consider the linear oscillators with nonlinear damping.
Cveticanin’s method [19] is adopted for obtaining the analytical approximate solution for (1) with initial conditions
(2). Based on the solution of the differential equation without damping terms, the approximate solution of the differential
equation (1) is introduced. It is assumed that the amplitude and phase of vibration are time dependent. Eq. (1) is transformed
into a system of two coupled first order differential equations whose solution gives the unknown amplitude and phase of
vibration. Unfortunately, to obtain the solution of that system of the equations is not an easy task and not always possible.
It is the reason that the averaging procedure is introduced which gives the approximate solutions. To prove the correctness
of the method, few numerical examples are calculated and the approximate solutions are compared with numerical ones.
2. Energy properties of the oscillator
Using the energy function E
E = x˙
2
2
+
−
i
c2i x
i+1
i+ 1 . (3)
Eq. (1) is rewritten in the form
dE
dt
= −2Φ, (4)
whereΦ is the dissipation function
Φ =
−
k
bk
x˙2(k+1)/2 . (5)
Eq. (4) is the velocity of the change of the total mechanical energy. Namely, for bk > 0 the dissipation function is positive
and the total mechanical energy of the system decreases. The velocity of energy dissipation is higher for higher values of
damping coefficients bk (see Eq. (5)). The velocity of energy dissipation depends on the nonlinear order k of the damping,
too. Two groups of dissipation can be considered: one, where k > 1 and second, where k < 1. In Fig. 1, dissipation functions
for various values of damping order (k = 1/2, k = 1 and k = 2) are plotted. The damping coefficient is assumed to be
constant (bk = 1).
Modifying Eq. (4) and applying Eq. (3), a first order nonlinear differential equation is obtained
dE
dx
= −
−
k
2(k+2)/2bk
E −−
i
c2i x
i+1
i+ 1

k/2
, (6)
whose solution gives us the energy–displacement function. If only one damping term exists, Eq. (6) simplifies into
dE
dx
= −2(k+2)/2bk
E −−
i
c2i x
i+1
i+ 1

k/2
. (7)
For certain parameter values the exact analytical solution of (7) can be obtained (see [18]).
For example, if k = 2, and the mathematical model of the oscillator is
x¨+ 2b2x˙ |x˙| +
−
i
c2i x |x|i−1 = 0, (8)
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Fig. 1. Dissipation functions for various values of damping nonlinearity order k.
Eq. (7) for the quadratic damping is
dE
dx
+ 4b2E = 4b2Qi(x), (9)
where
Qi(x) =
−
i
c2i x
i+1
i+ 1 . (10)
Eq. (10) is of Bernoulli type [34] with solution
E = η exp(−4b2x)+
i+1−
m=0
(−1)mQ
(m)(x)
(4b2)m
, (11)
where Q (m)(x) is themth derivative of Qi(x) in x and η is an arbitrary constant. For the initial conditions (2) the integration
constant η is
η =

x˙20
2
+ Qi(x0)−
i−
m=0
(−1)mQ
(m)(x0)
(4b2)m

exp(4b2x0) = const. (12)
Using (11), (12) and (3), the velocity–displacement function is obtained
x˙ =

2η exp(−4b2x)+
i−
m=0
(−1)mQ
(m)(x)
(4b2)m
− 2Qi(x)
1/2
. (13)
Relation (13) represents an exact solution of (8), i.e. (9) is convenient for calculating the maximal amplitude of vibration.
Namely, themotion in one direction stopswhen the velocity x˙ is zero and the amplitude of vibration ismaximal and satisfies
the following equation
2η exp(−4b2x)+
i−
m=0
(−1)mQ
(m)(x)
(4b2)m
− 2Qi(x)
1/2
= 0. (14)
The direction of the motion changes and the sign of the damping terms changes, too. The calculating procedure has to be
repeated for obtaining the maximal amplitude in the other direction of motion.
For the case of oscillators with linear elastic and quadratic damping forces, we obtain the velocity–displacement relation
x˙ =
[
2η exp(−4b2x)− c
2
1x
2b2
+ c
2
1
8b22
]1/2
. (15)
The same relation is published by the author in the paper [18] where linear oscillator with quadratic damping is considered.
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3. Analytical solving method
For the case when damping is zero, the differential equation (1) simplifies to
x¨+
−
i
c2i x |x|i−1 = 0. (16)
Let us assume that the approximate analytical solution of (16) with (2) in the form
x = A sin(κt + θ) ≡ A sinψ, (17)
where κ, A and θ are the unknown frequency, amplitude and phase of vibration, respectively, andψ = κt+ θ . Substituting
(17) into (16) the following relation is obtained
− κ2A sinψ +
−
i
c2i A
i sinψ |sinψ |i−1 = 0. (18)
Due to Cveticanin’s method [19], at this point, it is of interest to obtain the κ − A relation. Multiplying the relation (18) with
sinψ and introducing the process of averaging ψ over the period 2π , we obtain
− κ2 +
−
i
c2i P
2
i A
i−1 = 0, (19)
with (see [35])
P2i =
4
2π
∫ π/2
0
sinψ |sinψ |i dψ = 2
i+1
π
B

i+ 2
2
,
i+ 2
2

= 2
i−1
π
i02
 i
2

(i+ 1)0(i) , (20)
where the relation between the so-called beta function B and gamma function 0 is B(p, q) = 0(p)0(q)
0(p+q) . Eq. (19) gives the
approximate frequency–amplitude relation
κ =
−
i
c2i P
2
i Ai−1. (21)
The frequency of vibration (21) is the square root of the sum of the square frequencies for certain nonlinear oscillators. The
frequency depends not only on the coefficients of nonlinearities but also on the amplitude of vibration.
Based on the previous solution (17), let us assume that the approximate solution of (1) in the form
x = A(t) sinψ(t) ≡ A sinψ, (22)
where A(t) ≡ A is the time variable amplitude, ψ(t) ≡ ψ is the time variable phase
ψ(t) ≡ ψ =
∫
κ(A)dt + θ(t), (23)
and κ(A) ≡ κ is the frequency of vibration. First time derivative has the form
x˙ = Aκ cosψ, (24)
if
A˙ sinψ + Aθ˙ cosψ = 0. (25)
Using Eqs. (22), (24) and its time derivative
x¨ = A˙(κ + Aκ ′) cosψ − A(κ2 + θ˙ ) sinψ, (26)
the second order differential equation (1) with (18) gives
A˙(κ + Aκ ′) cosψ − Aθ˙κ sinψ + 2
−
k
(Aκ)kbk cosψ |cosψ |k−1 = 0, (27)
where κ ′ = dκ/dA. Eqs. (25) and (27) represent the transformed version of the second order differential equation (1) into a
system of two coupled first order differential equations. Separating the terms with A˙ and θ˙ , Eqs. (25) and (27) are rewritten
as
A˙(κ + Aκ ′ cos2 ψ) = −2
−
k
(Aκ)kbk cosψ |cosψ |k , (28)
Aθ˙ (κ + Aκ ′ cos2 ψ) = 2
−
k
(Aκ)kbk sinψ |cosψ |k . (29)
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Solving (28) and (29) the unknown amplitude A and phase θ are obtained. Unfortunately, solving the system (28) and (29)
is not an easy task and very often is not possible to obtain the exact analytical solution. It is the reason that the averaging
procedure over the period 2π of the function ψ is introduced. For
4
(2π)
∫ π/2
0
cosψ |cosψ |k dψ = 2
k+1
π
B

k
2
+ 1, k
2
+ 1

= 2k−1 k0
2(k/2)
π(k+ 1)0(k) ,
4
(2π)
∫ π/2
0
sinψ |cosψ |k dψ = 2
π(k+ 1) , (30)
(see [35]) the averaged differential equation (28) and (29) yield
A˙

κ + 1
2
Aκ ′

= −
−
k
2k
k(Aκ)kbk
(k+ 1)π
02(k/2)
0(k)
, (31)
Aθ˙ (κ + 1
2
Aκ ′) =
−
k
4
π(k+ 1) (Aκ)
kbk. (32)
Eq. (31) is a nonlinear first order differential equation whose solution depends on time t and an integration constant A0.
Substituting solution A(t, A0) of Eq. (31) into Eq. (32) and after integration, the phase angle is obtained as
ψ =
∫
t
κ(A(t, A0))dt + θ(t, A0)+ ψ0, (33)
where ψ0 is an additional integration constant. In general the solution of (1) is
x = A(t, A0) sinψ(t, A0, ψ0). (34)
The amplitude of vibration is not only dependent on the initial amplitude A0, but also on the parameters of nonlinearity (of
the displacement ci and damping bk) and on the integers and/or nonintegers i and kwhich describe the order of nonlinearity.
The same can be concluded for the frequency of vibration and phase.
Substituting (34) into initial conditions (2), two algebraic equations are obtained
1 =

x0
A(A0)
2
+ 1∑
i
c2i P
2
i (A(A0))i+1

x˙0 − A˙(A0)A(A0)x0
2
, (35)
tanψ(ψ0, A0) =
x0
∑
i
c2i P
2
i (A(A0))i−1
x˙0 − A˙(A0)A(A0)x0
 , (36)
which give the two arbitrary parameters A0 and ψ0.
If the motion is caused by an impact with the initial velocity x˙0 and the initial displacement is zero, we have
ψ(A0, ψ0) = 0, x˙0 = A0θ˙ (A0)+
−
i
c2i P
2
i A
i+1
0 . (37)
The second equation (37) gives the constant A0 and the first relation the constant of integration ψ0.
4. Influence of the initial conditions on the undamped vibrations of the nonlinear oscillator
If the damping is omitted, solution (17) of Eq. (16) is in general
x = A sin

t
−
i
c2i P
2
i Ai−1 + θ

where A and θ are constants of integration. For the initial conditions (2), the amplitude A is the solution of the algebraic
equation−
i
c2i P
2
i A
i−1x20 + x˙20 −
−
i
c2i P
2
i A
i+1 = 0, (38)
and the phase angle θ with A is
θ = tan−1
x0
∑
i
c2i P
2
i Ai−1
x˙0
. (39)
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4.1. Special cases
(a) For the case when the initial velocity is zero and the initial displacement exists (x0 ≠ 0), due to (38) and (39) we have
A = x0 and θ = 900. Eq. (21) modifies into
κ =
−
i
c2i P
2
i x
i−1
0 (40)
and the approximate solution of (16) is
x = x0 cos

t
−
i
c2i P
2
i x
i−1
0

. (41)
If the oscillator is with only one nonlinear elastic term (a pure nonlinear oscillator), solution (41) simplifies into
x = x0 sin(tciPix(i−1)/20 ), (42)
where the amplitude of vibration is equal to the initial displacement and the frequency depends on (x0)(i−1)/2 and has the
form
κ = ciPix(i−1)/20 . (43)
In the paper of Cveticanin [30], the exact frequency of vibration for a pure nonlinear oscillator is given as
κe = ciPiex(i−1)/20 , (44)
where
Pie =
√π
2
(i+ 1)0

i+3
2(i+1)

0

1
(i+1)
 . (45)
The form of the exact (44) and approximate (43) frequencies is the same, as is shown and discussed, yet.
Remark. As the frequency (40) is the square root of the sum of the quadratic frequencies (43) of pure nonlinear oscillators,
it is suggested to improve the accuracy by introducing the exact frequencies (44). The modified frequency is
κ =
−
i
c2i P
2
ieA(i−1)/2, (46)
where the coefficient Pie is given with (45).
(b) For the case when the initial displacement is zero and the motion is caused by an impact x˙0 ≠ 0, the phase angle θ is
zero and amplitude of vibration is the solution of the algebraic equation
x˙20 −
−
i
c2i P
2
i A
i+1 = 0. (47)
Substituting the solution A into (21), the frequency of vibration is obtained.
For the pure nonlinear oscillator using (47) the amplitude of vibration is calculated as
A =

x˙0
ciPi
2/(i+1)
. (48)
It can be concluded that the amplitude of vibration depends on (x˙0)2/(i+1). For the initial velocity which satisfies relation
x˙0 > 1, the amplitude of vibration is higher for the lower order nonlinearity. For x˙0 < 1 the amplitude of vibration is higher
for the higher value of the order of nonlinearity i. Besides, it can be seen that the amplitude of vibration depends not only
on the initial velocity but also on the coefficient ci and on the order of nonlinearity i. The frequency of vibration is
κ = c2i P2i x˙i−10 1/(i+1) . (49)
It depends on the initial velocity x˙0, the order of nonlinearity i and the coefficient of nonlinearity ci. For a certain oscillator
(i = const.) the frequency-of-vibration–initial-velocity function is κ ∼ (x˙0)(i−1)/(i+1). For i = 1 (linear oscillator) the
frequency is independent of the initial velocity. If x˙0 > 1 = const. the higher the order of nonlinearity i the higher the
influence of the initial velocity on the frequency. If x˙0 < 1 = const. the higher the order of nonlinearity i, the smaller the
influence of the initial velocity on the frequency. Independently on the order of nonlinearity i, the term (x˙0)(i−1)/(i+1) is equal
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to one, if x˙0 = 1. The influence of the coefficient of nonlinearity on the frequency properties has the form (c2i )1/i+1 and is
different for various orders of nonlinearity i.
Finally, the equation of vibration for the undamped oscillator with pure nonlinear elastic force where the correction is
included as
x =

x˙0
ciPie
 2
i+1
sin

t(ciPie)
2
i+1 x˙
i−1
i+1
0

. (50)
Comparing (42) and (50) it can be seen that for the case when the motion is caused by the initial displacement, the
amplitude of vibration depends only on that value, and if themotion is caused by an impact the amplitude depends not only
on the initial velocity but also on the elastic property of the system: coefficient of elasticity and order of nonlinearity.
5. Oscillators with a nonlinear elastic and damping forces
The oscillator with an elastic force which is described with only one nonlinear term is usually called pure or truly
nonlinear one. If a damping force acts the pure nonlinear oscillator is a damped one. The mathematical model of a pure
nonlinear oscillator of order iwith a nonlinear damping of order k represents a simplification to (1) and is described as
x¨+ 2bkx˙ |x˙|k−1 + c2i x |x|i−1 = 0. (51)
The corresponding two first order differential equations are
A˙

κ + 1
2
Aκ ′

= −2k k(Aκ)
kbk
(k+ 1)π
02(k/2)
0(k)
, (52)
Aθ˙

κ + 1
2
Aκ ′

= 4(Aκ)
kbk
π(k+ 1) , (53)
i.e. according to (21)
θ˙ = 16(Aκ)
k−1bk
π(k+ 1)(i+ 3) . (54)
(a) Integrating Eq. (52) for k < 1 the amplitude–time relation is
A = A0

1− (1− k)Qkbk
(A(i+1)/20 Pieci)1−k
t
 2
(i+1)(1−k)
, (55)
where A0 is the initial amplitude of vibration and
Qk = 2
k+1
π
i+ 1
i+ 3
k
k+ 1
02(k/2)
0(k)
. (56)
In Eq. (55), the first two terms represent the series expansion of an exponential function and Eq. (55) can be rewritten as
A = A0 exp

− 2Qkbkt
(i+ 1)(A(i+1)/20 Pieci)1−k

. (57)
The amplitude of vibration is not a constant one, as it is in the undamped oscillator. Due to damping the correction of the
amplitude of vibration is an exponential function which depends on the damping properties of the oscillator. If k tends to
zero the termwith A0 tends to infinity and the amplitude A tends to zero. The smaller the value of k the tendency to damping
is faster.
For the damping order k < 1 the amplitude of vibration (55) decreases from the initial value A0 and is approximately
zero for
t∗ = (ciPieA
(1+i)/2
0 )
1−k
(1− k)Qkbk . (58)
The damping time (58) indirectly depends on the damping coefficient bk and directly depends on the coefficient of
nonlinearity ci. The damping time is shorter for higher values of the damping coefficient and smaller order of damping
k.
Dividing Eq. (53) with (52) and separating the variables, the θ(A) function is obtained as
θ = − 0(k)
2k−2k02(k/2)
ln
 AA0
 . (59)
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Substituting (55) and (59) into (33), the angle variation is obtained as
ψ = ψ0 − (i+ 1)c
2−k
i P
2−k
ie A
2i−k(i+1)
2
0
(2i− k(i+ 1))Qkbk

1− (1− k)Qkbk
(A(i+1)/20 Pieci)1−k
t
q
− 0(k)
2k−2k02(k/2)
ln
 AA0
 , (60)
i.e.,
ψ = ψ0 − 0(k)2k−2k02(k/2) ln
 AA0
− (i+ 1)c2−ki P2−kie A
2i−k(i+1)
2
0
(2i− k(i+ 1))Qkbk exp
− (2i− k(i+ 1))Qkbk
(i+ 1)(A i+120 Pieci)1−k
t
 , (61)
where
q = 2i− k(i+ 1)
(i+ 1)(1− k) . (62)
Analyzing relation (57) and (61), it can be concluded that the correction of the amplitude and phase of vibration due to
damping is a function of the order of elastic and damping nonlinearity, elastic and damping coefficients and initial amplitude
and phase.
In general, vibration of the oscillator (51) is
x = A sin

ψ0 − (i+ 1)c
2−k
i P
2−k
ie A
2i−k(i+1)
2
(2i− k(i+ 1))Qkbk −
0(k)
2k−2k02(k/2)
ln
 AA0


. (63)
Analyzing (63) it can be concluded that the vibrations are ‘quasiperiodical’ with the time variable period: as the amplitude
decreases the quasiperiod of vibration increases.
(b) For k > 1 the amplitude of vibration is according to (55)
A = A0
(1+ (k− 1)Qkbk(A(i+1)/20 Pieci)(k−1)t)
2
(i+1)(k−1)
. (64)
The amplitude of vibration decreases from the initial value A0 and tends to zero for infinitely long time. The higher the
damping coefficient bk the smaller the amplitude of vibration. If k tends to infinity the term with A0 tends to 1 and the
amplitude of vibration is approximately constant and has the value A0. The higher the value of k the amplitude decrease is
slower.
5.1. Vibration caused by initial impact
Let us consider the free vibration of the oscillator (51) caused by an impact when the initial conditions are
x(0) = 0, x˙(0) = x˙0. (65)
Substituting (63) with its first time derivative into (65) the initial phase ψ0 is
ψ0 = (i+ 1)c
2−k
i P
2−k
ie A
2i−k(i+1)
2
0
(2i− k(i+ 1))Qkbk , (66)
where the initial amplitude A0 satisfies relation
x˙0 = A0κ0 + A0 16(A0κ0)
k−1bk
π(k+ 1)(i+ 3) , (67)
where
κ0 = ciPieA
i−1
2
0 . (68)
The initial amplitude is a complex function of the initial velocity, coefficients of elasticity and damping, and depends on the
nonlinear order of the elasticity and damping. Using the initial conditions (65), Eq. (61) gives the phase angle
ψ = (i+ 1)(A0κ0)
2−k
A0(2i− k(i+ 1))Qkbk

1− exp

− (2i− k(i+ 1))Qkbkt
(i+ 1)(A0κ0)1−κ

+ 2
4(A0κ0)k−1bkt
π(i+ 3)(k+ 1) . (69)
Using the series expansion of the functions in (69) the approximate value of the frequency κ∗
κ∗ = κ0 + 2
4(A0κ0)k−1bk
π(i+ 3)(k+ 1) . (70)
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and of the period T
T = 2π
κ0 + 24(A0κ0)k−1bkπ(i+3)(k+1)
. (71)
are obtained. Eqs. (70) and (71) show the complex dependence of the frequency and the period of vibration on the damping
properties of the oscillator. Using Eq. (71) the first maximal amplitude for t = T/4 is
A1max = A0 exp
− Qkbk
(i+ 1)(A0κ0)1−k
π
κ0 + 24(A0κ0)k−1bkπ(i+3)(k+1)

 .
For the oscillators with linear elastic and quadratic damping forces, the maximal amplitude is
A1max = A0 exp
−4b2A0c1
3π
π
c1 + 4A0c1b23π

 ,
where A0 is the solution of the quadratic algebraic equation
0 = 4A20c1b2 + 3πA0c1 − 3π x˙0.
For c1 = 1, b2 = 0.05, x0 = 0 and x˙0 = 0.5, we obtain A0 = 0.494 8 and the first maximal amplitude A1max = 0.478 91.
Using Eq. (14) and comparing the approximate value with the exact one (A1maxe = 0.488 52), it can be seen that the
difference is negligible.
5.2. Oscillators with nonlinear elasticity and linear damping
As a special case of (51) the mathematical model of the nonlinear oscillator with linear damping is considered as
x¨+ 2b1x˙+ c2i x |x|i−1 = 0. (72)
According to (57) with (56) the time variable amplitude of vibration is
A = A0 exp

− 4b1
i+ 3 t

. (73)
where A0 is the initial amplitude. The term exp(− 4b1i+3 t) is the amplitude correction term due to damping. Analyzing Eq. (73)
it is obvious that the amplitude of vibration does not depend on the coefficient of nonlinearity but depends on the order of
nonlinearity. For higher values of damping coefficient, the amplitude decreases faster.
For
κ = ciPieA(i−1)/2 = ciPieA(i−1)/20 exp

−2(i− 1)b1
i+ 3 t

, (74)
the angle–time variation is according to (61)
ψ = ψ0 + 8b1t
π(i+ 3) −
i+ 3
2(i− 1)
ciPieA
(i−1)/2
0
b1
exp

−2(i− 1)b1
i+ 3 t

. (75)
For the known initial amplitude A0 and initial phase
ψ0 = i+ 3i− 1
ciPieA
(i−1)/2
0
2b1
, (76)
the phase angle is
ψ = 8b1t
π(i+ 3) +
i+ 3
i− 1
ciPieA
(i−1)/2
0
2b1

1− exp

−2(i− 1)b1
i+ 3 t

. (77)
If the damping coefficient is small, the approximate period of vibration is
T = 2π
ciPieA
(i−1)/2
0 + 8b1/π(i+ 3)
. (78)
The period of vibration (78) depends on the order of nonlinear elastic force and also on the coefficient of elasticity ci and
damping b1. The higher the value of the coefficient of elasticity and damping, the shorter the period of vibration.
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If the oscillator is with cubic elastic force and the damping coefficient is 2b1 = ε, the amplitude and phase variations are
A = A0 exp

−ε
3
t

, ψ = 2εt
3π
+ 3P3e(c3A0)
ε

1− exp

−ε
3
t

, (79)
where P3e = 0.84721. Comparing Eq. (79) with the values obtained in [30], it can be seen that the new version of phase
includes a correction term in ψ in the form 0.212 21εt . This term increases the accuracy of the result.
In general, vibration of an oscillator with nonlinear elasticity of any order and linear damping is
x = A0 exp

− 4b1
i+ 3 t

sin

ψ0 + 8b1t
π(i+ 3) − (ciPieA
(i−1)/2
0 )

i+ 3
2(i− 1)b1 exp

−2(i− 1)b1
i+ 3 t

, (80)
where A0 and ψ0 have to satisfy the initial conditions (2)
x0 = A0 sin

ψ0 − (ciPieA(i−1)/20 )

i+ 3
2(i− 1)b1

, (81)
x˙0 =

− 4b1
i+ 3

x0 + ciPieA(i+1)/20 cos

ψ0 − (ciPieA(i−1)/20 )

i+ 3
2(i− 1)b1

. (82)
(a) For the special case when the motion is caused by an impact with initial conditions (65), relations (81) and (82) give
the initial amplitude and phase
A0 =

x˙0
ciPie
2/(i+1)
, ψ0 = i+ 32b1(i− 1)
(ciPie)2/(i+1)
(x˙0)(1−i)/(i+1)
. (83)
The initial amplitude is independent of the damping properties of the oscillator.
(b) If the initial velocity is zero and the initial displacement exists (x0 ≠ 0), the initial phase is
ψ0 = (ciPieA(i−1)/20 )

i+ 3
2(i− 1)b1

+ tan−1

ciPieA
(i−1)/2
0
i+ 3
4b1

, (84)
where the initial amplitude A0 satisfies the algebraic equation
0 = (ciPie)2A(i+1)0 − (ciPie)2A(i−1)0 x20 −

4b1
i+ 3
2
x20. (85)
The initial amplitude is a complex function of the initial displacement.
5.3. Linear oscillator with nonlinear damping
Another simplification to the previous problem iswhen the elastic force in the oscillator is linear (i = 1) and the damping
is nonlinear:
x¨+ 2bkx˙ |x˙|k−1 + c21x = 0. (86)
According to (63) the solution of (86) is
x = A0 exp

− Qkbkt
(A0c1)1−k

sin

c1 − 4bk
π(k+ 1)(A0c1)1−k

t + ψ0, (87)
where
Qk = 2
k
π
k
k+ 1
02(k/2)
0(k)
, (88)
and A0 and ψ0 are for the initial amplitude and phase. The most often considered initial conditions
x(0) = x0, x˙(0) = 0, (89)
the initial amplitude and phase are
0 = A20 − x20
1+
 Qkbk
(A0c1)1−k

c1 − 4bkπ(k+1)(A0c1)1−k

2 , (90)
ψ0 = tan−1
 x0
A20 − x20
 . (91)
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Fig. 2. x–t diagrams obtained numerically and A–t curves obtained analytically for various damping orders: k = 1/2, k = 1 and k = 3.
For the case of quadratic damping (k = 2) the equation of motion is
x = A0 exp

−8b2A0c1t
3π

sin

c1 − 2b2A0c1
π

t + ψ0. (92)
Comparing Eq. (92) with the result given in [3], it can be seen that the suggested method gives a more accurate frequency
than the method of multiple scales. Correction of the frequency is done by the term 2b2A0c1/π which includes the damping
coefficient of the oscillator.
6. Example
To prove the previously obtained results, an oscillator with pure cubic elasticity and different orders of damping is
considered. The mathematical models of the oscillators are
x¨+ x3 + 0.05x˙1/2 = 0,
x¨+ x3 + 0.05x˙ = 0,
x¨+ x3 + 0.05x˙3 = 0. (93)
For initial conditions x0 = 0 and x˙0 = 0.5, and Eq. (57) the amplitudes of vibration are analytically calculated
A1/2 = 0.85300 exp(−0.0315t)
A1 = 0.84955 exp(−0.0166t)
A3 = 0.8328 exp(−0.0028t). (94)
In Fig. 2, the ‘exact’ numerical solutions for the three differential equations (93) and the analytical solutions (94) are plotted.
The numerical solutions are obtained by using the well-known Runge–Kutta solving procedure. It can be seen that the
analytically obtained amplitudes give a good approximation to the real oscillator. The amplitude decreases faster for k = 1/2
than for k = 3. Besides, the period of vibration is longer and increases faster for k = 1/2 than for k = 3, as it was obtained
previously.
7. Conclusions
We draw the following conclusions:
1. In oscillators with nonlinear elastic and damping forces, the energy dissipation occurs. The velocity of energy dissipation
depends on the order of damping nonlinearity and is a linear function of the damping coefficient. For vibration velocities
higher than one, the energy dissipation is faster for higher order of damping nonlinearity. For vibration velocities smaller
than one, the conclusion is opposite. Besides, for higher damping coefficient the energy dissipation is faster.
2. Using the energy–displacement function of the damped oscillator with nonlinear elastic force, the exact values of
maximal amplitudes of vibration are obtained. The maximal amplitudes of vibration have the tendency to decrease.
3. Analytical solvingmethod suggested in the paper is suitable for the vibration analysis of the generalized type of oscillator
whose elastic and damping forces are described with the sum of nonlinear order elastic and damping terms. The method
gives more appropriate solutions than the previously applied methods and more accurate results in comparison to the
numerical ones.
4. For the undamped oscillator with elastic force which has a sum of nonlinear terms, we draw the following conclusions.
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The frequency of vibration is the square root of the sum of the quadratic values of the frequencies of the pure nonlinear
oscillators. A pure nonlinear oscillator has only one nonlinear elastic term. The frequency of the pure nonlinear oscillator
depends on (A0)(i−1)/2, where A0 is the initial amplitude and i is the order of nonlinearity of elastic force.
The initial amplitude and initial phase are functions of the initial displacement and initial velocity. If the initial velocity
is zero the initial amplitude A0 is equal to initial displacement x0 and the vibration function has approximately the form
of a cosine trigonometric function. It follows that the frequency of the pure nonlinear oscillator depends on (x0)(i−1)/2
and the coefficient of elasticity ci.
If the initial displacement is zero, the initial amplitudedepends on the initial velocity x˙0 and satisfies an algebraic equation
whose order depends on the order of nonlinearity in the oscillator. The vibration has approximately the form of a sine
trigonometric function. For pure nonlinear oscillators, the initial amplitude is a function of the initial velocity (x˙0)2/(i+1)
and the coefficient of elasticity (ci)−2/(i+1).
5. If, in the oscillator, the damping acts the amplitude of vibration is time variable. Namely, the amplitude of vibration
decreases in time. Amplitude decrease is suitable to be described as an exponential functionwhich depends on the initial
amplitude, coefficient of elasticity and damping, order of nonlinear elasticity and damping. The period of vibration is also
a time variable function and has a tendency of increase in time. For the order of damping smaller than 1, the amplitude
decrease is faster and the period of vibration is longer than for the damping order 1. For the order of damping higher
than 1, the amplitude decrease is slower and the period of vibration is shorter than for the damping order 1.
6. The results obtained for the linear damped oscillator with a nonlinear elastic force aremore accurate than those obtained
previously applying the other asymptotic analytic methods. Namely, a correction to the previously frequency relation is
done by a term which is a linear function of the damping coefficient and indirect function of the order of the elastic
term. For this type of oscillator the interaction between the initial amplitude and initial velocity for the case when the
initial displacement is zero is the same as it is for undamped oscillator. If the initial velocity is zero, initial amplitude is a
complex function of initial displacement but also of the damping and elasticity coefficients and order of elasticity.
7. The frequency of vibration for the oscillators with linear elastic and nonlinear damping forces (for example, quadratic)
is corrected in comparison to that given in the literature. Namely, the influence of the damping properties (order of
nonlinearity and damping coefficient) on the frequency of vibration are included. The period of vibration is longer for
higher value of damping coefficient. Omitting the correction term, the frequency relation simplifies to that of the linear
oscillator. Such an approximation is valid only for certain parameter values of the oscillator.
8. In the paper the vibrations of the oscillator are obtained not only as functions of initial amplitude and initial phase, as it
is often done, but also as the functions of the initial displacement and initial velocity which are the real sources of free
vibrations.
Initial amplitude and initial phase which are usually mentioned in the theory of vibration depend on the initial
displacement and initial velocitywhich are the basic vibration sources. In themost of the papers, the vibrations are described
as the functions of the first two initial values, but the connection between the initial amplitude and phase and of the initial
displacement and velocity at the other side is not investigated, yet.
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